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In defining an effective relaxation time which depends on the root mean square (r.m.s.) sur- 
face roughness and on the angle of incidence of electrons, theoretical results on the electrical 
conductivity, the magnetoresistance and the Hall coefficient in thin metal films subjected to a 
transverse magnetic field have been extensively presented. Except for the magnetoresistance, a 
decrease in the overall size effect is observed in transport parameters with respect to the 
predictions of classical theories based on the Fuchs-Sondheimer or the Cottey models. The 
size effect in the product resistivity x temperature coefficient of resistivity is found to be corre- 
lated with that in the normalized Hall coefficient. Tentative attempts to fit previously published 
data to framework of the combined Soffer-Cottey model are undertaken. As a result, dif- 
ficulties in choosing reasonable values for the bulk parameter in the limit of very small reduced 
thicknesses are outlined. In the regime of relatively large reduced thicknesses, emphasis is 
placed on the requirement of the simultaneous measurements of various transport parameters 
on the same metal films and of a systematic control of the surface texture and the morphology 
of films to provide a meaningful interpretation of experimental data. 

1. I n t r o d u c t i o n  
It is well known that the transport properties of thin 
metal films can be significantly modified with respect 
to bulk properties by the additional scattering of the 
charge carriers at the film surfaces [1]. These size 
effects have generally been accounted for [1-3] in 
terms of the theory developed by Sondheimer [4] who 
imporved some earlier calculations derived by Fuchs 
[5] in 1938. The most important feature of the Fuchs- 
Sondheimer theory is that a constant specular reflec- 
tion coefficient, P, is defined as the fraction of 
the carriers that are scattered specularly at the film 
surfaces. Later some authors extended the Fuchs- 
Sondheimer theory to include the cases where the 
angle of incidence, 0, at the film surfaces [6-8] or the 
root mean square (r.m.s.) surface roughness r [9] 
changes the specularity of the carrier scattering. 
Finally, Softer [10] proposed a theory where both the 
r.m.s, surface roughness and the angle of incidence 
influence the specularity parameter. When the corre- 
lation length along the film surface is taken to be zero 
the Softer model gives the following expression for the 
specularity parameter 

p = exp -cosZ0 4~ (1) 

where 2o is the wavelength associated with the carrier. 
In the past few years new theoretical results on the 

film conductivity were worked out by Sambles and 
Elsom [ll, 12] who followed the framework of the 
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Fuchs-Sondheimer theory and used Equation 1 
for the specularity parameter. Unfortunately, their 
equations must be treated numerically and thus it 
remains difficult to compare rapidly experimental data 
and theoretical predictions. Recently, Tellier [13] 
proposed an alternative treatment of the size effect in 
the electrical conductivity of thin metal films in which 
the Cottey model [14] is combined with the Softer 
model (SC model). The SC model which expresses the 
reduced film conductivity analytically in terms of 
the reduced r.m.s, surface roughness, r/2c, and of 
the reduced thickness, k, also gives approximate 
equations for the conductivity of metal films which are 
convenient tools for an easy determination of the 
roughness parameter from experimental data [15]. 
Tellier [16] also calculated the effects of the r.m.s. 
surface roughness and of the angle of incidence on the 
electrical conductivity and on the Hall coefficient of 
thin metal films subjected to a transverse magnetic 
field. As in this case, the final equations are somewhat 
complicated in such a way that a numerical integration 
becomes necessary; simple analytical equations have 
been proposed [16] in the weak- and strong-field 
limits. 

The purpose of this paper is to give a complete 
overview of the influence of the surface roughness on 
the transport parameters without limitation on the 
strength of the magnetic field. The main features 
revealed by the theoretical model are intensively dis- 
cussed. Emphasis is made on the size effects in 
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transverse magnetoresistance. Finally, some experi- 
mental works are reinterpreted in the light of these 
new theoretical results. 

2. T h e o r y  
2.1. Theore t ica l  e q u a t i o n s  
Let us recall that in the framework of the SC model 
[13, 16] and for the geometry illustrated in Fig. 1, the 
relaxation time r(0, r) which describes the simul- 
taneous background scattering and the electron 
scattering at the external surfaces is given by 

r(O, r) = ZoO + A cos 2 0[cos 01) -1 (2) 

where ro is the background relaxation time. The influ- 
ence of the reduced r.m.s, roughness, r/2o, and of the 
ratio, k, of the film thickness, d, to the background 
mean free path ;~0 is seen through the parameter A. 

, 

A = k \ 2 o  J (3) 

The transport Boltzmann equation for a thin metal 
film placed in an electric field E(E~, Ey, 0) and a 
transverse magnetic field H(0, 0, H)  (Fig. 1) was 
previously solved following a classical procedure 
proposed earlier by Sondheimer [17]. After algebraic 
manipulations the electric current densities, J, in the x 
direction and the y direction are finally found to be 
expressed as 

4 = ~ao{Ex ~d - ~G ~} (4) 

s~ = ~a0{G~¢  + ~ E ~ }  (5) 

'with 

fl  (1 + Au3)(1 - -  u 2) 
z¢ du (6) J0 (1 -1-" Ab/3) 2 ~ ~2 

1 - u 2 cl 
du (7) 

where u is an integration variable, and a 0 is the back- 
ground conductivity. ~ is the usual field parameter [17] 
defined by 

~x = 2o/r B (8) 

where r B is the radius of the Larmor orbit of an 
electron moving in a magnetic field of magnitude H. 
As a consequence, the field parameter, ~, is just 
proportional to the strength of the magnetic field. 

/ 
~ "  . . . . . . . . . . . . . . . . .  _ _  

/// 

d // 

Figure 1 The geometry of the model. 

Because the current is for the geometry of the model 
confined to the x axis, the Hall coefficient, R,r,  and 
the electrical conductivity, at, of the metal film are, 
respectively, defined by 

RH f __ Ey Jy=O HJx ( 9 )  

Jx s~:o (10) 
af = Exx 

which then take the following forms 

2 
RHf/RHO -- 3 ~2 "t- 0~2~ 2 (11) 

1 af /ao  = 2 ~ 2  21 - ~2~2 (12) 

where R,0 and a 0 are, respectively, the Hall coefficient 
and the electrical conductivity of the bulk metal. 

Finally the transverse magnetoresistance of a 
thin metal film can be calculated from the preceding 
equation by means of the formula 

aOr 0r(H) -- or(O) 
- (13) 

Or or(O) 

2.2. Presentat ion of theoret ica l  results 
Let us recall that neglecting formally the influence of 
the r.m.s, surface roughness the size effects in at and 
RHr can be treated successfully by a Cottey method 
[18]. Equations 11, 12 and 13 remain valid in a Cottey 
analysis which yields analytical expressions for the 
functions d and 

~'lcot,ey = dc 

#(1 /22 = __1]/ .q_ /22 q_ "2 -- _it_ ~2122 ) 

In [=2 + 9 + X 
L 1 -t- ~ 2 A 

1 _ tan ÷ ,  

(14) 

~lcou~y = ~c 

= {-d+dln[~R+(l+~- ' )2J l+~2 

+ ~-(1 - #2 + 0~2~2) 
C( 

1 )1}  x tan -1 c~ 2 + 1 + # 1 (15) 

where the size parameter, #, contains the constant 
specularity parameter, p 

# = k In (16) 

Thus, as the field, thickness and roughness depen- 
dences of the film conductivity, magnetoresistance 
and Hall coefficient can be computed from Equations 
12, 13 and 11, respectively, it is interesting to 
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Figure 2 (a) Theoretical RHf/RH0 against k plots for a moderate strength 
for r/;~ c = 0.01, 0.04, 0.1, 0.4 and I; curve g is the Cottey curve fo rp  = 
a strong magnetic field (c~ = 10). 

of the magnetic field (~ = 1); curves a, b, c, d, e are, respectively, 
0.5. (b) The corresponding RHr/RHo against k plots in the limit of 

investigate how the angular dependence and the r.m.s. 
surface roughness modify the size dependence of these 
physical parameters. 

First we have to consider the thickness dependence 
of these parameters. Fig. 2 shows the theoretical vari- 
ation of the Hall coefficient ratio, RHf/RHo , with 
the reduced thickness, k, for different values of the 
reduced r.m.s, roughness, r/2c, and for two fixed 
values of the magnetic field parameter, ~. It is seen that 
the Hall coefficient decreases rapidly to 1 with increas- 
ing values of the reduced thickness whatever the 
strength of the magnetic field; such a result has been 
previously observed by some authors in the case of 
weak [17, 18] and strong [18] magnetic fields. The 
effect of the r.m.s, surface roughness seems to enhance 
the size effect in the reduced Hall coefficient. This 
behaviour is clearly depicted in Fig. 3; we note that as 
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Figure 3 The surface roughness variation of the normalized Hall 
coefficient in the limit of small magnetic field (~ = 0.1) for different 
values of the reduced thickness, curves a, b, c, d and e are for 
k = 0.001, 0.001, 0.1, 1 and 10, respectively. 
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the external surfaces become more and more smooth 
(i.e. as r/2c tends to zero) the Hall coefficient of thin 
metal film tends to the bulk metal value. 

A comparison of the SC equations with the Cottey 
equations [18] is also possible. Effectively, if we assume 
that the main contribution to the current is due to 
electrons with 0 in the range around z/2, the average 
value of  cos 2 0 is taken to be 4/re 2. Then returning to 
Equation 1 and substituting a constant value of 0.5 for 
the specularity parameter, p, we readily obtain a 
reduced r.m.s, roughness of about 0.104. Now com- 
paring the Cottey curve (with a constant p equal to 
0.5) with the SC curve for the r/2c value of 0.1 (Fig. 2 
it clearly appears that the effect of the angular depen- 
dence is to decrease the apparent overall size effect in 
the Hall coefficient. A similar behaviour was previously 
reported by Tellier for the film conductivity in the 
absence of  magnetic field [13]. 

Moreover from Table I it is seen that small oscil- 
lations in the Hall coefficient are nerver observed, even 
for very rough surfaces and strong magnetic fields. It 

T A B L E  I Variation in the Hall coefficient with the product 
reduced thickness x field parameter: the case of a very thin film 
with k = 0.01 

kc~ r/2o = 0.1, r/2 c = 0.4, 

RHr/ RHo RHr/ RHo 

l 1.052 090 1.672 024 
2 1.017 204 1.428 174 
3 1.008 249 1.316 260 
4 1.004 782 1.249 264 
5 1.003 105 1.203 960 
6 1.002 174 1.171 079 
7 1.001 605 1.146081 
8 1.001 233 1.097 662 
9 1.000 976 I. 110 633 

10 1.000 792 1.097 662 
I 1 1.000 655 1.086 858 
12 1.000 551 1.077 745 
13 1.000 470 1.069 979 
14 1.000 405 1.063 023 
15 1.000 353 1.057 516 
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Figure 4 (a) Plots of the ratio ~r/cr0 against k for different values ofr/)o~ and for :~ = 10; curves a, b, e, d, e, fare, respectively, for r/2o = 0.01, 
0.04, 0.I, 0.4, 1 and 4. (b) The Gf/% against r/2 c plots for e = 10; curves a, b, c, d, e are for k = 0.001, 0.01, 0.1, 1 and 10, respectively. 

should be noticed that in the framework of  the Cottey 
model [18] very small oscillations are present in the 
Hall coefficient but the accuracy in the numerical 
evaluation which was accomplished with the aid of  no 
more than a pocket calculator seems less firm when 
strong magnetic fields are applied in the z direction. 

Plots of  the ratio af/ao against k for different values 
of  the r.m,s, reduced roughness and plots of  o-f/a0 
against r/;t c illustrated, respectively, in Fig. 4a and b 
exhibit the usual features: (1) the size effect vanishes 
for large reduced thicknesses; (2) transforming a 
smooth surface to a rough surface causes a marked 
decrease in the film conductivity ratio. 

Thus, here we concentrate our attention to the 
theoretical variations of  the reduced conductivity of  
the reduced roughness (Fig. 5). Let us recall that in the 
limit of  small reduced thicknesses and in the case of  
diffuse scattering at the external surfaces Sondheimer 
[17, 19] and later Li and Marsocci [20] predicted oscil- 
lations of  the conductivity which die out as the 
reduced thickness, k, and the constant specularity 

parameter, p, increase. In Fig. 5, the conductivity 
clearly presents no oscillations even for very thin films 
with rough surfaces (r/2c = 0.2) placed in strong mag- 
netic fields (typically c~ >~ 10). Thus here we disagree 
with previous theoretical works, but this disagreement 
concerns only the oscillating behaviour of  the film 
conductivity with the strength of the applied magnetic 
field. Effectively, if we look to the variations of  the 
conductivity ratio as a function of the field parameter,  
a crude analogy exists between the different theories 
which all satisfy the same essential physical require- 
ments (see features 1 and 2 above). The discrepancies 
are only quantitative because we have previously 
demonstrated the size effect is less accentuated in the 
SC model [13, 16] than in Sondheimer [17] and Cottey 
[18] models. 

Taking this last remark into account, one can reason- 
ably expect smaller size effects in the transverse mag- 
netoresistance when we treat the problem of the thin 
film resistivity in terms of the SC model than when 
we return to a Cottey formulation. Numerical 
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Figure 5 The field parameter variation of the conduc- 
tivity ratio for a very thin film (k = 0.01) and for 
different values of the reduced roughness; curves a, b, 
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roughness;  curves  a, b, c, d and  e are for r/2 c = 0.04, 0.06, 0.08, 0.! and  0.12, respectively; curve  g is the Cot tey  curve  f o r p  = 0.75. (b) The 
results  for k = 0.1; curves a, b, c, d are respect ively for r/2c = 0.1, 0.15, 0.25 and  0.4. 

computations (Table II) show that in reality the trans- 
verse magnetoresistance does not behave like other 
transport parameters (i.e. af and Raf). The increase of 
this apparent magnetoresistance due, exclusively, to the 
limitation of the carrier mean free path by rough 
external surfaces, is particularly operative in the 
strong fields limit where the changes in the transverse 
magnetoresistance with the reduced thickness are 
found to be larger (about twice) with the SC model 
than with a Cottey formulation. The influence of the 
field parameter e on the transverse magnetoresistance 
is shown in Fig. 6 for different values of the r.m.s. 
surface. Curve g corresponds to the results of the 
Cottey formulation [18] for p = 0.75. A rapid com- 
parison of curves b and g is sufficient to conclude that 
incorporating the r.m.s, surface roughness and the 
angular dependences in the calculation of the trans- 
verse magnetoresistance affects the field dependence 
in the same manner. As expected, the greater the c~ 
parameter, the more marked is the deviation between 
the predictions of the C model and the SC model. 

Let us now undertake a systematic examination of 
the numerous theoretical results on the Hall coefficient 
and conductivity as computed from exact Equations 6 
and 7 and from the following approximate equations 

~ 2 A 2 A 2  ~2(~ A 
- 3  12 + --~ - 4 

5 - - g  + 5 i  - 

- - - +  2 1 /  ~ 1  

(17) 
2 0 A  2 "] 

1 

(18) 

and 

s¢ -~ ~-5~ 2 1 

2 

+ A )  A ~ 1, e >> 1 (19) 

A ,~ 1, e >> 1 (20) 

which hold, respectively, for small and large magnetic 
fields in order to define with certainty the validity of 
the approximate equations. 

Tabulated values of the conductivity ratio, af/ao, 
and of the normalized Hall coefficient, RHf/RHo , for 
the case of weak magnetic fields (Table III) allows us 
to conclude that using Equations 17 and 18 instead 
of Equations 6 and 7 leads to satisfactory results 
(deviation less than 3%) in a larger k range (k >~ 0.2) 
for the conductivity than for the Hall coefficient. But 
numerical computations (Table IV) in the special case 
of strong magnetic fields, show that the validity of the 
approximate Equations 19 and 20 extends to a very 
large k range for both the conductivity and the Hall 
coefficient. Typically, for c~ = 40 and for moderately 
rough external surfaces the deviation is less than 1% 
in the k ~> 0.01 range. Thus in the limit of strong 
magnetic fields the size effects in the electrical conduc- 
tivity and the Hall coefficient can be conveniently 
described by means of the simple expressions [16] 

( ~f/a0 ~- 1 + A < 1,~ >> 1 (21) 

RHf/RHo --~ 1 ~ >> 1 (22) 

T A B L E  I I  C o m p a r i s o n  of  theoret ical  results  as given in the f r amework  of  the Co t t ey  model  (C model)  and  the combined  Softer 

Cot tey  model  (SC model) .  The t ransverse  magne to res i s t ance  is eva lua ted  f rom respect ive Equa t ions  14 and  15 for p = 0.5 and f rom 

respective Equa t ions  6 and  7 for r/2 c = 0.1. Omi t t ed  values  cor respond  to inaccuracies  in the numer ica l  eva lua t ion  

k ~ = 0.04 c~ = 4 c~ = 40 

C model  SC mode l  C mode l  SC model  C model  SC model  

0.07 9.79 x 10 -5 1.17 x 10 -4 2.15 x 10 i 3.45 x 10 I 4.00 x 10 -I  1.00 
0.7 2.67 x I0 5 3.90 x 10 -5 2.77 x 10 2 5.75 x 10 2 3.14 x 10 -2 7.08 x 10 -2 
7 9.62 x 10 v 1.90 X 1 0  - 6  4.91 x 10 -4 1.33 x 10 -3 - 1.44 x 10 -3 
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T A B L E  I II  Comparison between the general expressions for 
the normalized Hall coefficient and for the reduced conductivity and 
the approximate expressions in the limit of  small magnetic fields 
(~ = 0.04), assuming moderately rough surfaces (r/2c = 0.04) 

k Approximate equations Exact equations 

R.r/RHo o-f/fr O RHr/RHo af/ao 

0.1 1.311 08 0.908 78 1.054 88 0.823 35 
0.2 1.082 06 0.917 96 1.022 41 0.889 1 l 
0.4 1.017 40 0.940 0 l 1.007 89 0.935 46 
0.8 1.003 59 0.965 26 1.002 45 0.964 61 
1 1.002 36 0.971 45 1.001 64 0.971 10 
2 1.000 55 0.984 97 1.000 46 0.984 92 
4 1.000 13 0,992 29 1.000 12 0.992 29 
8 1.00004 0.996 10 1.00003 0.996 10 

with a very sufficient accuracy until the term (A + 1)/c~ 
remains lower than 0.8. 

Finally in this section we consider the dimensional 
effects in several transport parameters. Effectively it is 
now well known [1, 21-25] that to obtain a coherent 
set of physical parameters (e.g. the r.m.s, roughness, 
r/2c, the bulk parameter, a0, etc.) from experimental 
data, an extensive experimental investigation of 
several electrical and thermal properties in thin metal 
films is needed. Opting for this method to obtain an 
overall picture makes the understanding of the origin 
of the size effects less difficult, even if a systematic 
control of the morphology of films cannot be avoided. 
In the past the possibility of correlated size effects 
in various transport parameters have been studied 
[1, 26, 27] but theoretical information on this possibility 
is available only for models involving a constant spec- 
ularity parameter. In particular, Tellier et al. con- 
sidered the correlated effects in the Hall coefficient and 
in the product resistivity x temperature coefficient of 
resistivity (t.c.r.). Starting from the Cottey or the 
FS model they showed [26] that in the case of small 
magnetic fields the following general expression 

RHf/RHotvs,c "~ ~fflf/~OfiO[VS,C ~ < 1 (23) 

where C0 and fl0 refer, respectively, to the background 
resistivity and t.c.r, is valid. 

In the absence of any magnetic field, evaluation of 
the electrical resistivity, ~f, and of the temperature 
coefficient of resistivity, fir, in terms of the SC model 
has revealed that the incorporation of both the surface 
roughness and the angular dependence in these param- 
eters results in a decrease of the overall size effect 
which is considerably more marked for the film t.c.r. 
[28] than for the film conductivity. This behaviour can 
be regarded as singular with respect to behaviour 
predicted by other theories [1] which outline that the 
following relation 

fifOf ~- rio& (24) 

is satisfied in a very large k range. In this condition it 
becomes interesting to see if there are no consequences 
on the relationships between the Hall coefficient and 
the product resistivity x t.c.r. Comparing the tabu- 
lated values of the normalized Hall coefficient with 
those related to the product resistivity x t.c.r. (Table 
V) again opens up the possibility of correlating the 
size effects caused by external-surface scattering, in 

T A B L E  IV Compar ison between the general expressions and 
the approximate expressions in the limit of  large magnetic fields 
(c~ = 40), assuming moderately rough surfaces (r/2c = 0.04) 

k Approximate equations Exact equations 

RHr/RHo of/ f r  O RHf/RHo O'f/o" 0 

0.01 1.014 32 0.250 51 1.011 42 0.248 95 
0.02 1 003 33 0.391 08 1.003 08 0.39094 
0.04 1.000 81 0.559 78 1.000 79 0.559 77 
0.08 1.000 20 0.717 21 1.000 20 0.717 21 
0.1 1.000 13 0.760 14 1.000 13 0.760 14 
0.2 1.000 03 0.863 66 1.000 03 0.863 66 
0.4 1.000 01 0.926 83 1.000 01 0.926 83 
0.8 1.000 00 0.962 02 1.000 00 0.962 02 
1 1.000 00 0.969 39 1.000 00 0.969 39 
2 1.000 00 0.984 46 1.000 00 0.984 45 
4 1.000 00 0.992 16 1.000 00 0.992 16 
8 1.000 00 0.996 07 1.000 00 0.996 07 

the Hall coefficient and in the product (resistivity, 
t.c.r.) because 

RHf/Ruolsc ~- fir&/flo~o]sc c~ < 1 (25) 

even if we are concerned with small reduced thick- 
nesses or very rough surfaces for which large changes 
in the Hall coefficient with respect to the bulk are 
predicted. 

3, Discussion 
Because a systematic examination of the numerous 
experimental results [1, 21-25, 29 31] would be 
beyond the scope of this section, we shall restrict our- 
selves to two particular works [21, 25] for which the 
amount of experimental material seems sufficient to 
permit a reasonable interpretation. But before discuss- 
ing these works it seems of interest to return to the 
feature which distinguishes the Sondheimer theory 
from the present model, namely the appearance of 
"Sondheimer" oscillations in the Hall coefficient and 
in the electrical resistivity with variation of the field 
strength and the "SC" monotonic change of the trans- 
port parameters with field. A tentative explanation of 
the origin of the oscillations has been made by Hurd 
[32] but he arrived at the conclusion that only some 
particular types of Fermi surface can give rise to oscil- 
lations in the galvanomagnetic properties. Remember- 
ing the Sondheimer model is based on the assumption 
of quasi free electrons we are no longer convinced by 
this explanation which applies solely to real metal 
films. Moreover, the matter published on this subject 

T A B L E  V Comparison of the values of  the product  (reduced 
resistivity x reduced t.c.r.) calculated for r/2~ = 0.1 with those of 
the normalized Hall coefficient calculated for r/2o = 0.1 in the case 
of  a small magnetic field (c~ = 0.04) 

k Qfflr/Q0 flo RHf/Rno 

0.001 4.425 16 4.424 66 
0.004 2.893 06 2.892 75 
0.01 2.225 82 2.225 60 
0.04 1.570 81 1.570 68 
0.1 1.307 74 1.307 66 
0.4 1.090 40 1.090 36 
1 1.030 42 1.030 40 
4 1.003 61 1.003 61 
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is not wholly satisfactory and complete. Except for the 
work on aluminium films by F6rsvoll and Holwech 
[33], oscillatory behaviour is essentially observed in 
films of bismuth [1, 30, 34, 35], the only metal in which 
quantum size effects have been observed in the Hall 
effect [32]. If we turn to data on aluminium films we 
observe that for the thinner films the experimental 
amplitudes are smaller than predicted by theory; this 
discrepancy has been attributed to an imperfect treat- 
ment of the magnetoresistance. Effectively, F6rsvoll 
and Holwech used a modification of Kohler's rule to 
add the bulk magnetoresistance effect which does not 
vanish as predicted by the free electron model. But the 
oscillatory effect probably may be a "real metal" effect 
because aluminium presents a type of Fermi surface for 
which oscillations have been observed in the electrical 
resistivity [32]. 

In a study of the transport properties of well order- 
ed bismuth films between 1.15 and 300 K, Hoffman 
and Frankl [25] reported measurements of the Hall 
effect, magnetoresistance and resistivity of bismuth 
films at different thicknesses in the range 0.07 to 
3.7 #m. The crystallite size in these films is 5 to 10 #m 
and it is found to be practically independent of film 
thickness for thicknesses greater than 0.2/zm. 

Bismuth is an highly anisotropic metal [36] and the 
galvanomagnetic transport parameters may be very 
sensitive to small differences in the number of elec- 
trons and holes as outlined by several authors [36, 37]. 
Thus the galvanomagnetic effects in bismuth crystals 
have been the object of calculations on the basis of the 
two-band model which leads to a non-vanishing mag- 
netoresistance and to a temperature dependence of the 
Hall coefficient [37]. Let us note that Hoffman and 
Frankl observed, for T below about 20 K, a flattening 
in the temperature dependence of the Hall coeffÉcient. 
Because one carrier conduction is characterized by a 
small coefficient which changes little with temperature 
[37], we can roughly assume that in the low- 
temperature region the bismuth film is exclusively p 
type and that size effects theories based on a single 
band conduction model can be used to interpret the 
thickness dependence of transport parameters. 
Several authors [25, 34, 38], among them Hoffman 
and Frankl, have also adopted this procedure to 
analyse the effect of the surface scattering on the 
resistivity, the Hall coefficient or other transport par- 
ameters of bismuth films, even if it is not wholly 
satisfactory. Thus we are now concerned with the size 
dependence of the resistivity and Hall coefficient of 
bismuth films at 4.2 K. 

First, let us concentrate our attention on the thick- 
ness dependence of the resistivity. Hoffman and 
Frankl analysed the observed size effects in Or by using 
the following relation 

Of = 00[1 + ~ k ( 1 - p ) ]  (26) 

which constitutes down to k ~- 0.3 an approximation 
of the general Fuchs-Sondheimer formula; accord- 
ingly a plot of the resistivity data in the form Of against 
k -~ yielded a value for 0o of about 0.31 x 10 4~cm 
and a value for the bulk mean free path (m.f.p.) 20 of 
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about 8/~m. For film thicknesses, d, in the range 0.1 to 
3.7/~m and for a bulk mean free path of about 8/~m it 
readily appears that Equation 26 is not still valid, so 
that the values for Q0 and 2o determined by means of 
this equation are subject to question. With an average 
grain diameter in the range 5 to 10/~m it is reasonable 
to associate the scattering at grain boundaries with a 
grain parameter, v, [1] in the range 1 to 2; thus the bulk 
grain-boundary resistivity will be about twice that 
of the perfect bulk metal. Surely, as suggested by 
Hoffman and Frankl, the scattering at the crystallite 
boundaries must give rise to a larger "bulk" resistivity 
than in a large single-crystal sample; but the difference 
between the observed value (0.31 x 10-4~cm) and 
the standard value (3 x 10 7Dcm) is too large to be 
attributed solely to an additional scattering at the 
grain boundary. In reality this discrepancy can per- 
haps be due to an inadequate standard value. Effect- 
ively, Asahi and Kinbara [24] observed a small 
decrease in the background resistivity (about 10%) as 
the temperature changes from 77 to 4.2K together 
with a value of 00 at 77 K close to that measured by 
Hoffman and Frankl. It should be pointed out that 
Hoffman and Frankl gave unsuitable estimates of 00 
and 20 at 4.2K, because they did not chose the 
approach of the Fuchs-Sondheimer theory [1] 

Of _ 4  1 - p  1 Qo 3(i---~)klnl/k k , ~  1 (27) 

commonly used for the limit of very small k; this 
implies the value of the background resistivity to be 
still larger. Consequently, taking into account the 
results reported earlier by Asahi and Kinbara, we 
assume that at 4.2K the experimental value of the 
background resistivity is about 0.5 x 10 4f~cm; the 
appropriate value for the background mean free path 
is then determined by means of the formula 

O020 ~- constant (28) 

We obtain 2 o -~ 5/~m. In this manner we are able to 
try to interpret the classical size effect in these bismuth 
films in terms of the SC model. Note that according to 
the SC model, the film conductivity, o-f, for k ~ 1 is 
given by [15] 

In crf 1 2 r ~ 2 
- - - ~  l n k -  In + l n - -  - - l n 4 ~  (29)  
o 0 5 5 ~ ,/3 3 

It must be pointed out that an In or against In d plot 
can yield neither the background resistivity nor the 
background mean free path; thus it remains necessary 
to assume values for 00 and 20. The corresponding 
In o'f/o" 0 against In k plot is given in Fig. 7. A reason- 
able fit of the thickness dependence is observed for 
k < 0.2 yielding for the slope a value of about 0.33 
which is close to the theoretical value of 1/3. A depar- 
ture occurs for k > 0.2 showing that either the exter- 
nal surface becomes smoother as the film increases or 
the grain size varies with thickness. Values of the 
r.m.s, surface roughness as evaluated from Equation 
29 are in the range 0.9 to 0.4. 

If we wish to analyse the Hall coefficient data we are 
obliged, for lack o f  a standard value at 4.2 K, to 
determine an approximate value for RH0. Looking at 



7 

o 

0:5 

i 
! ,/o 

/ 

- 1 ~- © / /  . 

2 =0.5 

-4  -2 
{b) Ink 

[] 

11 J I 
0 0.1 k Q2 (r~) 

Figure 7 (a) Var ia t ion  of  the normal i zed  Hal l  coefficient wi th  the 

reduced thickness  of  b i smuth  films (Hof fman  and  F r a n k l  [25]); full 

curves a, b, c at  4.2 K are the theore t ica l  SC curves for r/2o = 0.4, 

0.6 and  0.8, respectively.  (b) The  in aria o aga ins t  I n k  plot .  

o 

2 ---a..._ 

-k__ 

0 0  

0 k 

Figure 9 The reduced thickness  dependence  of  the ra t io  RHf/RHo; 
(O) measur ing  t empera tu re  ( T M ) =  3 0 0 K  and  annea l ing  tem- 

pera ture  (TA) = 373K;  (O) T M = 8 0 K  and  T A = 373K;  (n )  

T M = 3 0 0 K a n d  T A = 523K;  (B) T M = 8 0 K a n d  T A = 523K.  

Curves  a, b, c, d and  e are the theore t ica l  SC curves for r/2c = 0.8, 
0.6, 0.4, 0.2 and  0.1, respectively.  

the changes in RHr with temperature we see that the 
Hall coefficient is lowered by a factor of about 1.5 
when the temperature increases from 4.2 to 80K. 
Taking the standard value of 1.56 x 10 9~cmG-1  
for Ru0 at 80 K the approximate value for RH0 at 4.2 K 
is found to be close to 2.4 x 10-9f~cm G -1. A ten- 
tative replotting of the Hall coefficient data in the 
form RHf/RHo against k is illustrated in Fig. 7. We have 
also drawn in Fig. 7 theoretical SC plots correspond- 
ing to r/2c = 0.4, 0.6 and 0.8 to compare with the 
data. As we see, the best fit yields an r/2c value of 
about 0.5 in relative agreement with the value obtained 
from the thickness dependence of the resistivity. 
Although the choice of ~0, 2o and RH0 values is arbi- 
trary, we have roughly succeeded in interpreting the 
classical size effects in the tr~msport parameters in 
terms of the SC model; surely another choice for the 
values of the bulk parameters can certainly lead to 
more satisfactory results. At this stage it does not seem 
fruitful to speculate about such possibilities. In prac- 
tice it is proved that serious difficulties arise in the 
experimental determination of the bulk parameters 
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Figure 8 Thickness  dependence  of  the ra t ios  Qr/~r/~0fl0 (o )  and  
RHf/RHo (121) a t  3 0 0 K  (Suri et al. [21]). 

when concerned with very small reduced thicknesses 
because the experimental plots related to resistivity 
data cannot yield separately the values of 2o and ~0. 

Let us now examine the case of transport properties 
of thin copper films [21]. Anomalously large size effects 
in RHf with respect to the predictions of the Fuchs-  
Sondheimer theory, were observed by Suri and co- 
workers in copper films. In particular, the thickness 
dependence at 300 and 80 K of the electrical resistivity 
and its temperature coefficient, the Hall coefficient, of 
thin copper films annealed at various temperatures 
have been extensively studied. These authors outlined 
the role played by a suitable dependence of frozen-in 
structural defects on the film thickness in determining 
the size effects. But turning to the changes in the ratio 
~f/~r/~0/30 and in the normalized Hall coefficient with 
the film thickness we observe Fig. 8 a satisfactory 
coincidence between the Qr/~r/~0/?0 and RHf/RHo against 
d plots in agreement with the general formula [23]. As 
equation 23 is satisfied if the size effects are due to the 
electron scattering at film surfaces and/or at crystallite 
boundaries it seems of interest to reconsider the data 
for the Hall coefficient of copper films in the light of 
the SC model. 
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Figure 10 Var ia t ion  of  the r.m.s, surface roughness  wi th  thickness;  

(o )  T M - 3 0 0 K  and T A = 373K;  ( e )  T M = 8 0 K  and  T A = 
373K;  (n )  T M = 3 0 0 K  and  T A = 523K;  (B) T M = 8 0 K  and 
T A = 523K.  
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Certainly, among the frozen-in defects we have to 
consider the possible polycrystalline nature of copper 
films. However, Tellier [1] has previously shown that 
the Hall coefficient of an infinitely thick polycrystal- 
line film is very close to that of a thick film free of grain 
boundaries. The Hall effect is thus not significantly 
affected by the grain-boundary scattering until this 
type of scattering is not the predominant scattering 
process; more precisely one can expect [39] a decrease 
in the Hall coefficient of less than 25% for the grain 
parameter, v, in the range v ~> 1. 

Fig. 9 shows the reduced thickness dependence of 
RHf/Ruo for copper films annealed at 373 and 523 K, 
assuming a bulk mean free path of about 38 nm [21] 
and 75 nm at, respectively, 300 and 80 K and a bulk 
Hall coefficient of about 5.5 x 10-5cm3C 7. The 
SC theoretical curves are also displayed in Fig. 9. By 
comparing with the theoretical curves we see that the 
observed variation of the normalized Hall coefficient 
can be understood only in terms of a thickness depen- 
dence of the surface roughness. The thickness varia- 
tion of the r.m.s, surface roughness, as evaluated for 
copper films annealed at 373 and 523 K, is illustrated 
in Fig. 10. Data obtained from measurements of the 
Hall coefficient at 80K are also used because for 
thicker films the inaccuracies of the determination of 
the normalized Hall coefficient and then of the r.m.s. 
surface roughness are less pronounced for measure- 
ments at 80 K than for measurements at 300 K. We 
observe that the r.m.s, surface roughness decreases 
rapidly with increasing values of film thickness to 
reach a limiting value which depends on the annealing 
temperature. This decrease is more marked at the 
lower annealing temperature than at the higher anneal- 
ing temperature. From the limiting value of r/2c 
reported in Table VI we can obtain an average value 
of the specularity parameter by using the Icos 0l -~ 2/r~ 
relation. As a result we can conclude that successive 
annealings cause a reordering of the top surface of 
copper films; an interpretation usually advanced to 
explain the decrease of the film resistivity on annealing 
[1, 40-45]. 

At this point it must be remarked that analysing the 
resistivity data in terms of the SC model leads, in fact, 
to an enhancement of values of the r.m.s, surface 
roughness especially for thinner films (a deviation of 
about 30% is obtained for the thinnest film). This 
discrepancy may be attributed to the presence of crys- 
tallites whose average size varies with the film thick- 
ness. Because for v >~ 1, variations in the grain 
parameter, i.e. in the average grain diameter, do not 
induce marked changes in the Hall coefficient, the 
effects due to a thickness-dependent grain-boundary 
scattering process are masked when we study the 
thickness dependence of the Hall coefficient whereas 
they play an important role when we turn to the size 

dependence of the resistivity. To draw firm con- 
clusions it is necessary firstly, to combine theoretically 
the SC model with the three-dimensional model of 
grain boundaries previously proposed by Tellier [46] 
and secondly to have quantitative informations on the 
changes in the mean crystallite size due to variations 
in film thickness and to subsequent annealing. Unfor- 
tunately, the experimental work of Suri et al. [21], 
though complete, does not give any information on 
the morphology of copper films. However, the grain- 
boundary scattering will roughly modify the size effect 
in Rut, Qt and ~f/~t/O0/30 in the manner described above. 
Thus, our study strongly suggests that the observed 
behaviour of the size effect in transport properties on 
annealed copper films can be partly understood in 
terms of a surface re-ordering. The role played by 
grain boundaries in determining the size effect needs 
further theoretical study for obtaining valuable infor- 
mation. The SC model which leads to reasonable values 
for the r.m.s, surface roughness thus seems very 
interesting and convenient when it becomes necessary 
to undertake an investigation of the surface re-ordering 
on annealing. 

4. Conclusion 
Theoretical results in the presence of a transverse 
magnetic field are extensively presented for the electri- 
cal conductivity, the magnetoresistance and the Hall 
coefficient combining the Softer and the Cottey 
models. Even in the regime of small thicknesses and 
strong magnetic fields the theoretical size effects in all 
transport parameters (e.g. 0r, RHt, AQf/Of) vary mon- 
otonically with the field parameter, e. Thus the oscil- 
latory behaviour predicted by the Fuchs-Sondheimer 
theory is never observed. Incorporating surface 
roughness and angular dependence in calculations 
markedly diminishes the overall size effect in RHf and 
at with respect to that predicted by theory, such as the 
Cottey model, involving a constant specularity par- 
ameter. Depature from this typical feature is observed 
for the magnetoresistance; the enhancement of the 
magnetoresistance with respect to the Cottey predic- 
tions is the result of the influence of the r.m.s, surface 
roughness. The theoretical variations in R~r/RHo and 
Or,Bt/~o/~o with the reduced thickness are found to 
exhibit a well-defined correlation with each other. 

Attempts to fit previously published data, although 
nearly satisfactory, give evidence of some difficulty in 
interpretation arising as soon as we are concerned 
with the limit of very small reduced thicknesses (i.e. 
k < 0.1). This difficulty may be attributed to the 
possibility of determining separately Q0 and 20 in the 
range k < 0.1; the value of r/2c obtained from data 
depends then on the choice of 00 and 2o. In the regime 
k > 0.1, a combined Soffer-Cottey model seems as 
convenient as the Cottey or the Fuchs-Sondheimer 

T A B L E  VI Variations in the limiting values of r/2c and in the corresponding average value o f p  with the annealing temperature, T A 

ira = 373K T A - 523K 

Limiting value of r /2  c Average value of p Limiting value of r /2  c Average value of p 

0.31 0.002 0.12 0.40 
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models to analyse the size effects in galvanomagnetic 
properties of thin metal films provided the size depen- 
dences of various transport parameters (e.g. RHf, af 
and fir) measured simultaneously on the same metal 
films are available. In particular it becomes possible to 
follow roughly the changes in the r.m.s, surface rough- 
ness with the film thickness and with the annealing 
procedure by studying the variations of the Hall coef- 
ficient even if the electron scattering at grain bound- 
aries cannot be completely neglected. However, care 
must be taken that a careful and consistent interpret- 
ation requires further systematic studies for obtaining 
quantitative information on the surface texture and on 
the film morphology. 
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